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Inelastic collapse in simple shear flow of a granular medium

M. Alam and C. M. Hrenya*
Department of Chemical Engineering, University of Colorado, Boulder, Colorado 80309

~Received 13 December 2000; published 23 May 2001!

Previous investigations have shown that inelastic collapse is a common feature of inelastic, hard-sphere
simulations ofnondriven~or unforced! flows, provided that the coefficient of restitution is small enough. The
focus of the current effort is on adriven system, namely, simple shear flow. Two-dimensional, hard-sphere
simulations have been carried out over a considerable range of restitution coefficients~r!, solids fractions~n!,
and numbers of particles~N!. The results indicate that inelastic collapse is an integral feature of the sheared
system. Similar to nondriven systems, this phenomenon is characterized by a string of particles engaging in
numerous, repeated collisions just prior to collapse. The collapsed string is typically oriented along a 135°
angle from the streamwise direction. Inelastic collapse is also found to be more likely in systems with lowerr,
highern, and higherN, as is true for unforced systems. Nonetheless, an examination of the boundary between
the collapsed and noncollapsed states reveals that the sheared system is generally more ‘‘resistant’’ to inelastic
collapse than its nondriven counterpart. Furthermore, a dimensionless numberV* is identified that represents
the magnitude of theinitial fluctuating velocities relative to that of a characteristic steady-state velocity~i.e.,
the product of shear rate and particle diameter!. For values ofV* @O(1), the transientportion of the simu-
lation is found to be more reminiscent of a nondriven system~i.e., isotropic particle bunching is observed
instead of diagonal particle bands!.

DOI: 10.1103/PhysRevE.63.061308 PACS number~s!: 45.70.2n, 45.05.1x, 81.05.Rm, 83.80.Fg
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I. INTRODUCTION

Due to their inelastic nature, granular materials displa
host of flow phenomena that is not observed in their p
fectly elastic counterparts~e.g., molecular gas! @1#. One such
phenomenon that has been observed in both ‘‘molecu
dynamic’’ simulations and theoretical treatments of granu
materials is inelastic collapse@2–6#. Inelastic collapse refers
to the state in which a group of particles undergoes an i
nite number of collisions in a finite period of time. As
result, the group of particles comes into contact without a
attractive forces between the particles.

The physical significance of the collapsed state is not w
understood~for recent review, see@7#!. Because inelastic col
lapse is only found to occur when the system is represe
as a collection of inelastic hard spheres, collapse is view
by some as a shortcoming of the hard-sphere model w
little, if any, bearing on real granular materials.~A behavior
similar to collapse has been observed, however, for anelastic
hard-sphere system that includes the effects of hydrodyna
lubrication @8#!. Accordingly, several modifications to th
hard-sphere model that preclude the onset of collapse h
been proposed, including the addition of rotational or tra
lational energy prior to the collapsed state, the incorpora
of a velocity-dependent coefficient of restitution, and the
duction of energy dissipation during multiparticle conta
~for recent summary, see@9#!. Alternatively, another view-
point holds that collapse signals the onset of long-range
locity and position correlations, which may significantly im
pact the hydrodynamic behavior of the materi
Furthermore, a ‘‘collapsed-like’’ state has been observed
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experiments involving vertically vibrated beds of particl
@10,11# . More specifically, within a range of relatively low
vibration amplitudes, a region of motionless particles in co
stant contact was observed and was found to be surroun
by a less dense collection of fast-moving particles.

Regardless of the physical significance of the inelas
collapse, however, the identification of the range of para
eters over which collapse occurs remains an important t
At the very least, this task will lead to the parameter spa
over which the hard-sphere model is an inadequate repre
tation of a granular material. On the other hand, it may h
to identify a region in which additional fluid-mechanical co
relations become important and must be accounted fo
continuum models.

Much of the previous work on inelastic collapse has
cused onnondrivenor cooling systems~i.e., systems with no
energy input!. The focus of early efforts was on one
dimensional cooling systems, which were examined fr
both a theoretical and numerical~i.e., molecular-dynamic
simulations! standpoint@2,3,5#. These studies revealed that
critical coefficient of restitution,r * , exists in which a system
will experience inelastic collapse for values ofr ,r * . This
value of r * was found to increase with the number of pa
ticles N contained in the system~i.e., collapse is more likely
to occur in systems with higherN!. Inelastic collapse has
also been observed in the simulations of two-dimensio
cooling systems performed by McNamara and Young@4,12#.
In these systems,r * was found to increase withN and n,
where n represents the area fraction occupied by the p
ticles. The particles taking part in the collapse form
roughly linear string; this behavior is consistent with the th
oretical analysis of a three-particle system by Zhou a
Kadanoff@6#, which indicated that collapse is preferred wh
the angle between the particles’ line of center is small.

Relatively little attention has been given to the occurren
d-
©2001 The American Physical Society08-1
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M. ALAM AND C. M. HRENYA PHYSICAL REVIEW E 63 061308
of inelastic collapse indriven systems~i.e., systems into
which energy is continually added!. Intuitively, one may ex-
pect that collapse would be avoided in such systems du
the presence of associated stresses, which tend to con
ously disrupt particle groupings. For the case of a sing
randomly forced particle, however, Cornell, Swift, and Br
@13# have shown that collapse occurs in a one-dimensio
system where the particle engages in inelastic collisions w
the two boundaries.

The current effort provides further evidence of the ex
tence of inelastic collapse in driven systems. The sys
under examination is two-dimensional, simple shear flo
Unlike the Cornell, Swift, and Bray study@13#, energy is
supplied to the system via the system boundaries rather
through random particle accelerations. Inelastic hard-sph
simulations of this system were carried out over a range oN,
n, and r, and the results indicate that inelastic collapse i
robust feature of simple shear flow. In particular, similar
nondriven systems, the particles involved in the collap
form a nearly linear configuration andr * is found to increase
with both solids fraction and number of particles~i.e., col-
lapse is more likely to occur at higher values ofn and N!.
The specific value ofr * ~for a givenN andn!, however, is
generally lower than that of the analogous nondriven syst
which thereby indicates that the presence of shear forc
hinders the onset of inelastic collapse. In addition, the fi
configuration of the collapsed particles typically occu
along an axis at about 135° from the streamwise direct
Finally, for systems with relatively high values ofinitial
fluctuating velocities~as compared to the product of th
shear rate and particle diameter!, the system is observed t
experience atransientphase in which the particle arrang
ment bears a greater resemblance to a homogeneous co
system than that of a sheared system.

II. SIMULATION DESCRIPTION

As illustrated in Fig. 1, the flow regime under conside
ation is two-dimensional simple shear flow in thex direction.
The flow domain is anL3L square, with the top boundar

FIG. 1. Simple shear flow system.
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moving at velocityV/2 and the bottom boundary moving a
velocity 2V/2. Accordingly, the system is characterized
the uniform shear rateg5V/L. The particles contained in
the system are smooth, inelastic disks of uniform size a
density. Collisions between particles are assumed to be
instantaneous and binary in nature. Because no externa
interparticle forces are present, the particles follow straig
line trajectories between collisions and maintain a cons
velocity.

A. Numerical algorithm

In order to track the position and velocity of all particle
as a function of time, simulations are carried out using
hard-sphere model for collisions and an event-driven strat
between collisions. In particular, the relationship between
post- and pre-collisional velocities of the two particles
dictated by the hard-sphere model

v1,post5v1,pre2
1
2 ~11r !@k•~v1,pre2v2,pre!#k ~1!

v2,post* 5v2,pre1
1
2 ~11r !@k•~v1,pre2v2,pre!#k, ~2!

where the subscripts 1 and 2 refer to particles 1 and 2,
spectively;vpre refers to the precollisional velocity,vpost re-
fers to the postcollisional velocity,r is the coefficient of
restitution, andk is the unit vector pointing from the cente
of particle 1 to the center of particle 2. In order to proce
from one collision to the next, a search of all upcomi
collisions, and the time required for the collisions to occur
made. Once the collision pair with the shortest time to
next collision is identified, the system is advanced by t
amount of time, and the collision is resolved according
equation~1! and ~2!. This ‘‘event-driven’’ strategy is made
efficient using the link-cell algorithm to search for futu
collisions @14#.

To achieve the state of simple shear flow, a Lees-Edwa
boundary condition@15# is implemented at the top and bo
tom boundaries. This condition, which is periodic in they
direction, accounts for the momentum transfer arising fr
the imposed shear field. More specifically, a particle t
leaves the domain through the top~or bottom! boundary re-
turns to the domain through the bottom~or top! boundary
with a streamwise velocity component that has been adju
according to its new location in the flow field. The right an
left boundaries are also periodic, though particles that le
through one of these boundaries are returned to the dom
at the opposite boundary with the same velocity.

The simulation is initialized by positioning particles on
nearly square lattice, with small random displacements
both thex andy directions. The velocity of each particle i
initially set to its mean horizontal component~based on its
vertical location in the shear field!, plus a small random com
ponent in both directions. The simulation then proceeds fr
collision to collision~as described above! until collapse oc-
curs or the maximum number of collisions is reached;
details of collapse detection are presented in the follow
section.
8-2
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INELASTIC COLLAPSE IN SIMPLE SHEAR FLOW OF . . . PHYSICAL REVIEW E 63 061308
The inputs required for simulation include the partic
massm, d, L, g, n, andr. Recall thatV is determined by the
relation g5V/L and N is set according to the definition o
solids area fraction:

n5
N~pd2/4!

L2 . ~3!

Hence, the dimensionless parameters that characterize
system included/L, n, andr, or the equivalent setN, n, and
r @based on relation shown in~3!#. For the current effort,N,
n, and r are chosen as the independent control parame
andm, L, andg are each set to unity. The specific parame
space under consideration includesN525– 2500,n50.1–
0.5, andr 50.01– 0.99.

For purposes of validation, results from the current sim
lation were compared with those obtained in previous inv
tigations. In particular, the dimensionless stresses w
shown to agree well with those previously obtained fo
simple shear flow system@16#, and the onset of collapse wa
found to agree with that previously obtained for a homo
neous cooling system~g50! @4,12#.

B. Detection of inelastic collapse

As described above, inelastic collapse refers to the co
tion in which a collection of particles undergoes an infin
number of collisions in a finite period of time. Because su
a state cannot be resolved numerically, the onset of colla
in discrete-particle simulations is identified by a sequence
collisions with continually decreasing time and space sca
Once these scales decrease enough such that the lim
machine precision is reached, the simulation is halted
collapse is said to have occurred.

The specific criterion used for collapse detection in t
work is based on that put forth by McNamara and You
@12# in their study of homogeneous cooling system
Namely, inelastic collapse is identified by tracking the se
ration distancedsep between particles. The separation d
tance, which is evaluated at the time of collision, refers to
distance between the two particles involved in the upcom
collision. Oncedsep/d drops below the limit of machine pre
cision, which is 10216 in this case, the simulation is stoppe
This behavior is illustrated in Fig. 2, which shows the resu
for a simulation withN5500,n50.3, andr 50.4. As is evi-
dent from this plot, the normalized separation distance
mains relatively constant for approximately 270 300 co
sions, and then experiences a continual decrease~spanning
approximately 12 orders of magnitude!. At C5270 505, ma-
chine precision is reached and the system has collapsed

For the purposes of the current work, a simulation is
lowed to proceed until collapse is detected or until the nu
ber of collisions per particle,C/N, reaches 6000, whicheve
happens first. This~arbitrary! choice of the maximum allow-
ableC/N doesinfluence whether a system is considered c
lapsed or not~i.e., it is possible that collapse may be o
served in a system atC/N.6000!. TheC/N limit used here,
however, is chosen to ensure that each system exam
reaches a statistical steady state, and that this steady
06130
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occurs over the majority of the simulated time period.
determine if a system has reached a steady state, the qua
^v82& is monitored, wherev8 is the fluctuating component o
the particle velocity~relative to its position in the shear field!
and ^ & denotes an average taken over all particles in
system. For the parameter space considered in this st
^v82& typically reaches a statistically steady value atC/N
<200.~Note that the higher-order moment of the fluctuati
velocity, namely,̂ v84&/^v82&2 was also monitored, and wa
found to achieve a steady state prior to its lower-order co
terpart.!

III. RESULTS AND DISCUSSION

The hard-sphere simulations of the simple shear sys
were carried out over the parameter spaceN525– 2500,
n50.1–0.5, andr 50.01– 0.99. In the following sections, th
qualitative and quantitative nature of the simulation resu
are presented and discussed.

A. Characteristics of the noncollapsed and collapsed states

Figure 3 depicts the final particle positions for a series
simulations withN5500, n50.3, and various values of th
restitution coefficient. The simulations for otherN andn dis-
play similar characteristics, and thus will not be presen
for the sake of brevity.

As has been found in the previous investigations of
elastic collapse, the onset of collapse is strongly influen
by the coefficient of restitution. For the higher values or
shown in subplots~a!–~c!, the simulations reach the max
mum number of collisions~i.e., C/N56000! without expe-
riencing collapse. As detailed in subplots~d!–~f!, however,
lower r values give rise to a collapsed state before the ma
mum number of collisions is reached~i.e.,C/N,6000!. Fur-
thermore, inelastic collapse is observed to take place m
quickly as the coefficient of restitution is lowered. For e
ample, collapse is found to occur atC/N5541 for r 50.40
and atC/N50.114 forr 50.01.

Another feature that is portrayed by the snapshots c
tained in Fig. 3 concerns the grouping of particles involv

FIG. 2. Normalized separation distance as a function of num
of collisions for a simulation withN5500,n50.3 andr 50.4.
8-3
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M. ALAM AND C. M. HRENYA PHYSICAL REVIEW E 63 061308
in the collapse. In order to discern such behavior, the p
ticles involved in the collisions just prior to the end of th
simulations are shaded black. More specifically, for the sn
shots of noncollapsed systems@Figs. 3~a!–3~c!#, only the
particles involved in the last ten collisions are shaded bla
For those snapshots representing collapsed systems@Figs.
3~d!–3~f!#, the black particles indicate those involved in co
lisions after which the normalized separation distance did
rise above 1024 ~i.e., those particles involved in inelast
collapse!. For example, as shown in Fig. 2,dsep/d,1024 for
collisionsC5270 407 and beyond; the particles involved
all these collisions are blackened in the corresponding sn
shot of Fig. 3~d!. As is apparent from subplots~a!–~c! for the
noncollapsed systems, the pairs of particles involved in
final ten collisions are spread throughout the flow doma
On the other hand, the collapsed systems pictured in subp
~d!–~f! indicate that the same group of particles undergo
peated collisions with one another at the onset of collap
For r 50.4 @Fig. 3~d!#, the last 99 collisions involve only

FIG. 3. Final particle configurations for simulations withN
5500,n50.3, and variousr: ~a! r 50.99,C/N56000, last ten col-
lisions in black; ~b! r 50.80, C/N56000, last ten collisions in
black; ~c! r 50.60, C/N56000, last ten collisions in black;~d! r
50.40, C/N5541.01, last 99 collisions in black;~e! r 50.20,
C/N52.162, last 35 collisions in black;~f! r 50.01: C/N50.114,
last seven collisions in black.
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nine particles. Asr is decreased further@Figs. 3~e! and 3~f!#,
collapse involves fewer particles and occurs over a sho
number of collisions~i.e., the decrease indsep/d occurs more
quickly!. It is also interesting to note that for each of th
systems that displays inelastic collapse, the particles par
ing in the collapse are arranged in a roughly linear stri
This behavior is consistent with that of the two-dimension
cooling systems investigated by McNamara and You
@4,12#. Unlike the homogenous cooling systems, howev
the collapsed string in simple shear flows exhibits a prefer
direction. As is evidenced by Fig. 3~d!–3~f! ~as well as the
other simulations that were performed!, the final orientation
of the collapsed string is typically oriented along an a
approximately 135° from the flow direction.

The final particle configurations given in Fig. 3 also dem
onstrate the various flow regimes that occur in the sim
shear flow system. Namely, asr is decreased from 0.99 to
0.01, the following flow regimes are encountered: kinetic→
clustering→collapse. The kinetic regime, which occurs in th
nearly-elastic limit@Fig. 3~a!#, is characterized by a fairly
homogeneous distribution of particles throughout the
main. As the restitution coefficient is lowered, the partic
configuration becomes less random and organized struct
or ‘‘clusters’’ begin to align along a roughly 45° angle from
the streamwise direction@Figs. 3~b! and 3~c!#, as was previ-
ously observed by Hopkins and Louge@16# and Tan and
Goldhirsch@17# for the simple shear system. Finally, asr is
decreased further, inelastic collapse is found to occur@Figs.
3~d!–3~f!#. Again, a similar pattern of events is found to ta
place in the homogeneous cooling systems examined by
Namara and Young@12#. It is also worthwhile to note tha
when collapse occurs in the system withr 50.4, the system
has already reached a statistical steady state~which occurs at
C/N;20 for this set of conditions! and thus the clustering
pattern is readily observed. At the lowest restitution coe
cient @Fig. 3~f!#, however, the system collapses well before
steady state is attained. Accordingly, the final particle po
tions are much more homogeneous in nature, due to the
domness of their initial configuration.

These results indicate that the qualitative nature of c
lapse in two-dimensional simple shear flows is similar to t
of its nondriven counterpart~i.e., homogenous cooling sys
tem!. In the following section, the quantitative nature of th
collapse phenomenon in simple shear will be presented
compared to the previous work on cooling systems.

B. Boundary between noncollapsed and collapsed regimes

The results presented in Fig. 3 indicate that critical re
tution coefficient at which the transition between the nonc
lapsed and collapsed states appears to have a value in
range 0.4,r * ,0.6 for N5500 andn50.3. In order to fur-
ther refine this value and to determine the ‘‘repeatability’’
the results, a wide range ofr values were examined, an
simulations with a given value ofr were repeated ten time
each. Because each instance of a simulation begins u
random particle positions and fluctuating velocities, the
tailed progression of the simulated system is different
each of the repeated simulations. Hence, for a given valu
8-4
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INELASTIC COLLAPSE IN SIMPLE SHEAR FLOW OF . . . PHYSICAL REVIEW E 63 061308
r, some simulations may experience collapse, while oth
may not. The results for the series of simulations withN
5500 andn50.3 are pictured in Fig. 4, which contains th
C/N value as a function ofr. Results from individual simu-
lations are represented by data points, whereas the line
nects the averageC/N values for each restitution coefficien
investigated. For values ofr<0.4, all simulations are ob
served to experience collapse before the maximum num
of collisions is reached~i.e., C/N<6000!. Furthermore, col-
lapse is seen to occur sooner for systems with lower res
tion coefficients. Forr>0.46, none of the simulated system
display inelastic collapse~i.e., C/N56000!. In the interme-
diate range of 0.4,r ,0.46, however, some of the simula
tions result in collapse while others do not. Accordingly, t
critical coefficient of restitution lies within this range. Ifr *
is defined as the value ofr for which at least 50% of the
simulations result in a collapsed state@12#, thenr * is found
to be 0.429 forN5500 andn50.3. Finally, as was men
tioned above, inelastic collapse is observed to occur in s
tems both before and after a statistical steady state is rea
~steady state occurs atC/N;20!.

In addition to the aforementioned series of simulatio
performed forN5500 andn50.3, similar simulations were
also performed for other values ofN and n. The resulting
dependence of the collapsed state onN andn is depicted in
Figs. 5 and 6, respectively. In these graphs, each data p
represents theaverageof ten simulations. As is revealed i
Fig. 5, for a fixed coefficient of restitution, theC/N values
generally decrease as the number of particles increases
cordingly, collapse is more likely to occur earlier in system
with higher N values. In a similar manner, Fig. 6 indicate
that a larger solids fraction is typically associated with
lower value ofC/N, and thus collapse is more probable
systems with a larger value ofn.

Collectively, the results portrayed in Figs. 5 and 6 in
cate that the critical coefficient of restitution increases w
both N andn. This information is plotted in Fig. 7 for eac

FIG. 4. Variation of total number of collisions~per particle!
with r for simulations withN5500 andn50.3. The data points
indicate the results of individual simulations, whereas the l
connects the averageC/N value obtained for ten simulations at
given r.
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combination ofN andn that was examined. The qualitativ
nature of the dependence ofr * on these two quantities is
consistent with previous investigations on two-dimensio
homogeneous cooling systems@4,12#. Namely, asN or n
increases, so doesr * . Quantitatively, however, difference
are observed. For example, over the range ofN investigated,
r * is less sensitive to changes inN than has been previousl
observed in the nondriven systems. In particular, a linea
of the current data tor * vs ln(N) yields a slope of 0.035 for
n50.5, whereas a slope of;0.2 was observed atn50.5 for
homogeneous cooling systems@12#.

A more direct comparison between the values ofr * ob-
tained for the simple shear and homogeneous cooling
tems is featured in Fig. 8. In this plot, the dependence of
critical restitution coefficient is presented as a function of
dimensionless optical depth:

l

d
5

nL

d
5 1

2 ANpn, ~4!

e

FIG. 5. Dependence of total number of collisions~per particle!
on N for system withn50.3. Each data point represents average
ten simulations.

FIG. 6. Dependence of total number of collisions~per particle!
on n for system withN5500. Each data point represents avera
of ten simulations.
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M. ALAM AND C. M. HRENYA PHYSICAL REVIEW E 63 061308
where l represents the~dimensional! optical depth. Physi-
cally, the optical depth represents the distance that a ra
light, while traveling across the width of the domain~L!,
travels within particles. Equivalently,l/d is the number of
particles contained in a one-dimensional slice through
two-dimensional system. As is apparent from Eq.~4!, l/d
combines the effects of bothN andn into a single parameter
For homogenous cooling systems, McNamara and Yo
@12# found that by consideringr * as a function ofl alone,
the data for various~N,n! combinations approximately col
lapsed onto a single curve. Furthermore, they found that
data compared well with both the independent collision wa
~ICW! model of Bernu and Mazighi@2# and the cushion
model ~CM! of McNamara and Young@3#. For two-
dimensional systems, these models take the following for

r ICW* 5tan2Fp4 S 12
2

l/dD G ~5!

FIG. 7. Dependence of critical coefficient of restitution on bo
N andn.

FIG. 8. Dependence of critical restitution coefficients on~di-
mensionless! optical depth, and comparison ofr * with theoretical
predictions.
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ln@~12r CM* !/4#

ln@~11r CM* !/2#
. ~6!

@Note that in order to obtain the forms of Eqs.~5! and ~6!
shown above, two modifications have been made to
original models. First, because the original models were
veloped based onn particles colliding with a wall, the rela-
tion N52n was substituted in order to instead account
collisions within the interior of the medium. Second, sin
the models were derived for one-dimensional systems,
quantityN was replaced byl/d.# As is evident from Fig. 8,
the results from the current simulations of simple shear fl
do not display the same characteristics as those of their n
driven counterparts. Specifically, the data continue to exh
a systematic variation according to solids fraction. In ad
tion, the r * values are not well predicted by either of th
models. In particular, the simulation values forl/d.5 are
generally lower than those predicted by the two theori
Since the nondriven systems have been shown to com
fairly well with the theoretical predictions in this range@12#,
the current results indicate that driven systems are more
sistant’’ to collapse than the nondriven systems. In ot
words, the transition between the noncollapsed and collap
state occurs at a lower coefficient of restitution in the sim
shear system as compared to the homogeneous cooling
tem. Forl/d,5, the model predictions forr * are lower than
the values obtained via simulation; a similar comparison
also been reported for homogeneous cooling systems@12#.

C. Sensitivity of collapse boundary to initial and boundary
conditions

As discussed above, all of the aforementioned simulati
were carried out using the same initial and boundary con
tions. Specifically, the fluctuating component of the veloc
field was initially randomly distributed between21023 and
1023 in each direction ~i.e., 20.001<vx08 ,vy08 <0.001,
where vx08 and vy08 refer to the initial fluctuating velocity
components in the streamwise and transverse directions
spectively!, and the shear rate was kept constant at 1.0.
gether, these two quantities can be used to define a dim
sionless number,

V* 5
uvx08 ,vy08 umax

gd
, ~7!

where the subscript max denotes the maximum value o
given quantity. The relevance of this dimensionless num
is demonstrated in Fig. 9 for the case ofN5500 andn50.3.
In particular, this figure contains results from a series of fo
simulations in whichV* remained fixed~at 0.0362! while
the initial and boundary conditions~uvx08 , vy08 umax and g!
were varied across several orders of magnitude. Again, e
data point represents the averageC/N values over ten simu-
lations. As is demonstrated in this plot, theC/N dependence
on r is observed to fall onto a single curve, thereby indic
ing the universality of system behavior whenV* is held
constant.
8-6
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In order to determine the effect of the magnitude ofV* on
the flow behavior, a series of simulations was also perform
in which V* was varied. Figure 10 illustrates this effect for
system withN5500, n50.3. The various values ofV* rep-
resented in this figure were achieved by lettingg51.0 and
varying the values ofuvx08 ,vy08 umax accordingly.~Note that
the same behavior was also observed wheng was instead
varied anduvx08 ,vy08 umax was held constant.! As is demon-
strated in this plot, theC/N dependence onr is observed to
follow one of two trends, depending on the magnitude of
dimensionless number. For high values ofV* , namely,V*
@O(1), collapse is observed to occur at fewer collisions
the range 0.3,r ,0.6. A closer examination of these co
lapsed systems indicates that this behavior occurs in c
junction with a final particle configuration that is similar
the configurations observed in two-dimensional homo
neous cooling systems@4,18#. More specifically, as is exem
plified in Fig. 11 for the case ofV* 53 620 000 andr

FIG. 9. Simulations for systems with identical values of dime
sionless numberV* (50.0362). Each data point represents avera
of ten simulations forN5500 andn50.3.

FIG. 10. Effect of dimensionless numberV* on the onset of
collapse. Each data point represents average of ten simulation
N5500 andn50.3.
06130
d

e

n-

-

50.4, particles are observed to have amassed in tig
packed, randomly distributed bunches at the time of collap
This behavior is in contrast to collapsed systems with low
V* , which form looser structures aligned along diagon
bands@see Fig. 3~d! for comparison#. Thus, it appears tha
sheared systems with relatively high values ofV* experience
a phase that more closely resembles the behavior assoc
with a nondriven system~i.e., the large magnitude of th
fluctuating velocities initially masks the effects of the she
velocity!. Because nondriven systems are less resistan
collapse than their driven counterparts~as discussed above!,
systems with higher values ofV* are thus more prone to
undergo collapse at a fewer number of collisions, as is c
firmed by Fig. 10. It is also worthwhile to note that th
‘‘homogeneous cooling’’ phase is also experienced by s
tems that donot collapse. Such behavior is exemplified
Fig. 12, which contains two particle snapshots from a sim
lation with V* 53 620 000 andr 50.6. At C/N5100 @Fig.
12~a!#, the system exhibits~isotropic! particle bunching. This
pattern is no longer apparent atC/N51000@Fig. 12~b!#. In-
stead, a more homogeneous arrangement of particles is
served in this snapshot, as is characteristic of sheared fl
Thus, unlike the dimensionless parametersN, n, and r that
appear to completely characterize the finalsteady stateof the
system, the dimensionless number indicated by Eq.~7! is
also required in order to characterize theevolution of the
system.

IV. SUMMARY

For this investigation, inelastic hard-sphere simulations
two-dimensional, simple shear flow have been carried
over a considerable range ofr, N, andn. Similar to numerous
previous investigations of unforced systems, it has b
found that inelastic collapse is an integral feature of
sheared~driven! system. Namely, asr is decreased from
unity while N and n are kept constant, the following flow
regimes are observed: kinetic→clustering→collapse. Quali-

-
e

for

FIG. 11. Final particle configuration for collapsed system w
N5500, n50.3, V* 53 620 000 andr 50.4; C/N532.7, last 91
collisions in black. @For comparison with system usingV*
50.0362, see Fig. 3~d!.#
8-7
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tatively, the properties of the collapsed state are simila
those observed in the nondriven counterpart~i.e., two-
dimensional homogeneous cooling system!. The onset of
collapse is characterized by a rapid decrease in the separ
distance between particles involved in the upcoming co
sion. In addition, the particles involved in the repeated c
lisions just prior to collapse are arranged in a roughly lin
pattern ~though unlike homogeneous cooling systems,
collapsed arrangement in simple shear takes on a prefe
direction!. Furthermore, the sheared system is found m
likely to collapse with an increase inN or n.

The quantitative nature of inelastic collapse in simp

FIG. 12. Particle snapshots for noncollapsed system withN
5500,n50.3, V* 53 620 000 andr 50.6 at~a! C/N5100 and~b!
C/N51000; last ten collisions in black.
da

06130
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r
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shear systems, however, does differ than that of a homo
neous cooling system. Generally speaking, the coefficien
restitution that demarcates the collapsed and noncollap
regimes (r * ) is lower than was previously found for non
driven systems, thereby indicating that the onset of colla
is somewhat hampered by the continual input of energy~via
shear work!. Furthermore, the dependence ofr * on N andn
is not successfully captured using the ‘‘optical depth’’ p
rameter, which combines the effects of bothN andn. Finally,
it is also found that evolution of a system with fixedN, n,
and r may be markedly different depending on the value
the dimensionless parameterV* 5uvx08 ,vy08 umax/(gd). For
V* @O(1), themagnitude of the fluctuating velocity initially
conceals the effect of the shear work. As a result, a trans
‘‘homogeneous cooling’’ phase~i.e., isotropic particle
bunching! is observed prior to the onset of convention
shearing behavior~i.e., particle clusters along diagona
bands!.

Because inelastic collapse signals a breakdown in
model used to describe particle-particle collisions~i.e., a bi-
nary collision rule is no longer appropriate!, the observations
of collapse described herein reveal the limitations of using
inelastic, hard-sphere model to describe shear flows.
though several techniques have been shown to eliminate
collapse phenomenon, the physical mechanisms underl
these techniques are not necessarily the same. For exam
previous efforts have shown that the incorporation of eithe
velocity-dependent coefficient of restitution@19# or a reduc-
tion in energy loss during multiparticle contacts@9# is ca-
pable of preventing inelastic collapse. These two modifi
tions are expected to alter the flow behavior in differe
manners, though the extent of these differences has no
been ascertained. Furthermore, the current effort also has
plications on kinetic-theory models of granular systems. S
cifically, because kinetic-theory treatments are based on
assumption of instantaneous, binary collisions betwe
particles, observations of inelastic collapse can be linked
violation of this assumption. Again, the effect of such
violation on the ability of kinetic-theory models remains u
certain.
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